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Area Nevanlinna type classes of analytic functions in
the unit disk and related spaces
Romi Shamoyan, Seraphim Maksakov
Abstract. The survey collects many recent advances on area Nevanlinna
type classes and related spaces of analytic functions in the unit disk concern-
ing zero sets and factorization representations of these classes and discusses
approaches, used in proofs of these results.
1 Introduction
First theorems on zero sets of analytic functions from area Nevanlinna type classes
appeared in works of Rolf Nevanlinna and Mkhitar Djrbashian many decades ago.
These type results, as it was shown later, have various nice applications in theory
of functions of a complex variable. The main purpose of this review article is
to give a systematic survey of some recent sharp result on zero sets of weighted
area Nevanlinna spaces in the unit disk as well as to present general methods for
obtaining these type theorems. These methods and their modifications may work
in more general situations also and it seems reasonable to illustrate them in this
review paper. Almost all theorems we present were obtained in recent two decades
by us or by our colleagues. The survey is important due to the fact that most deep
results, included in it, have been published in the local Russian-language journals,
and thus they are not available to the mathematical community.
The paper is organized as follows: second section presents results on zero sets in
analytic area Nevanlinna spaces in the unit disk, the third section presents similar
results in the half plane, finite complex plane and other domains; next it presents
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factorization representations of classes above, after it introduces the results con-
cerning the classes with restrictions on α-characteristics; the sixth section presents
the similar results for subharmonic functions and in final section we give remarks
and discussions. We alert the reader that most results are given without proof,
but precise references will be always provided to interested readers. Most sharp
results on zeros have “modular” necessary and sufficient condition, like the classical
Blaschke condition. The role of specific infinite product πα, so called Djrbashian’s
product in the unit disc is very important in this paper. It helps to provide full
characterization of zero sets of various analytic area Nevanlinna type spaces and
also vital parametric representations. Proofs of such types theorems are largely
based on a uniform assessment of the product πα, obtained by F.A. Shamoyan in
1978. It’s appeared in all proofs of such type results, which we present below in
the unit disk.
The role of zero-counting n(r) function and classical one-dimensional Jensen
formula and various nice properties of counting n(r) function is also very vital to
us. At first authors considered the simplest case of Nevanlinna-Djrbashian spaces
and described zero sets. Next, using modifications of the proof, based on classical
estimates of complex function theory, various authors completely solved the same
problem in various analytic area Nevanlinna type spaces. The case of upper half
plane and some general domains will also be taken into consideration shortly.
The authors express their gratitude to Prof. F.A. Shamoyan for his help in the
work on the review.
We denote by C, C1, M with various lower or upper indices various positive
constants in this paper.
We haven’t discussed analytic Nevanlinna type spaces of several complex vari-
ables which is a new interesting and vital research area in this paper.
2 Zero sets of analytic area Nevanlinna type classes in the unit
disk
This section is devoted to zero sets problem in the unit disk.
Let D be the unit disk in the complex plane C,
Dr = {z ∈ C : |z| < r} , 0 < r < 1 .
C+ be an upper half plane on C. If G is a certain simply connected domain in
the complex plane, then we denote by H(G) the set of all functions, analytic in G,
by M(G) we denote the set of all functions, meromorphic in G, and by SH(G) we
denote the set of all functions, subharmonic in G. By Zf we denote zero set of
function f ; let n(t, f) or shortly n(t) be the number of zeros in a disk |z| < t, t > 0,
i.e. if {zk} = Zf , then
n(t) = card{zk : |zk| < t},
n(t,∞) be the number of poles of meromorphic function in |z| < t, t > 0; n(0),
n(0,∞) be the multiplicity of zero or a pole in the point z = 0 respectively,
a+ = max(a, 0), a ∈ R.
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Let Ω be the set of all measurable positive functions on (0, 1], for which there




≤Mω, r ∈ (0, 1], λ ∈ [qω, 1]. (1)
In particular, the examples of these features are functions of the form
tα ·
(




, a > 0
and all functions are from C1(0, 1) class, for which the following estimate is valid:∣∣∣∣ω′(t)(1− t)ω(t)
∣∣∣∣ ≤Mω.








The Ω classes were studied in the monograph of E. Seneta (see [35]).




New characteristics function T (r, f) was introduced in the 1920s in classical
papers of R. Nevanlinna and later used by many mathematicians in solving various
problems of complex analysis. For any f ∈M(D) (see [23]):












dt, 0 < r < 1.
In addition we denote by N the Nevanlinna class or a class of functions with
bounded characteristic, that is a class of functions f ∈M(D), for which
sup
0<r<1
T (r, f) < +∞.
Nevanlinna constructed a new factorization of class N as a product of some factors
which are easier to study (see ibid.):


























(1− |ak|) < +∞,
+∞∑
k=1
(1− |bk|) < +∞, (3)
and ψ is a real-valued function with bounded variation on [0, 2π], γ ∈ R, λ ∈ Z.
In the future, this result has found many applications in complex, harmonic
and functional analysis.






(1− r)αT (r, f) dr <∞
 , α > −1,
and he found a simple necessary condition on zeros of functions from the this class.
That condition is the following classical one
+∞∑
k=1
(1− |zk|)α+2 < +∞.
The complete canonic representation of Sα classes was later found by M. Djrbashian
in his paper [9]. The sufficiency of this condition was proved by F.A. Shamoyan in
1978 in paper [37].
For each β > −1 we denote as πβ(z, zk) an infinite product of M. Djrbashian






















ρdρdθ, z ∈ C.
Note that πβ products are converging absolutely and uniformly on compact subsets
of D if and only if the following is valid
+∞∑
k=1
(1− |zk|)β+2 < +∞. (4)
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Let us remark that the product πβ(z, αk) has appeared naturally in the integral






, ζ, z ∈ D, α > −1,
as there is the Blaschke product in the integral representation of the bounded type
functions by the Poisson-Jensen formula (see [23], [30]).
Note also that uniform estimate of πβ products, that was found by F. Shamoyan
in his paper [37], has many applications in the solution of problems related to the
description of zero sets of Nevanlinna type spaces in the disk.
To his earlier investigations, related with the Nevanlinna classes, F. Shamoyan
turned back again in 1992 in his paper [38]. In this important work the following
complete analogue of representation (2) for Sα classes was given.
Theorem 1. The following assertions are equivalent:
a) f ∈ Sα;









 , β > α+ 1,
where {ak}, {bk} are arbitrary sequences from D, satisfying condition (4),





|ψ(k)(eiθ+t)− 2ψ(k)(eiθ) + ψ(k)(eiθ−t)|
|t|1+β−α
dtdθ < +∞,
where k = [β − α− 1].
In 1999 in his another important work [39] F. Shamoyan completely generalizes
so called Nevanlinna-Djrbashian spaces of meromorphic functions in the following
natural direction: he considered Spω (ω ∈ Ω, 0 < p < +∞) spaces of functions. We
define them as follows:
Spω(D) :=
{
f ∈M(D) : ‖T (f)‖Lp(ω) =
( 1∫
0






For ω(t) ≡ 1, p = +∞, we have S∞1 = N , where N is a class of functions with
bounded characteristic. For p = 1, ω(t) = tα, α > −1, we have S1α = Sα, where Sα
is a standard Nevanlinna-Djrbashian class.
In particular, in that paper F. Shamoyan obtained the full description of zero
sets of Spω classes and provided factorization of that class. Namely, the following
statement was provided.
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Theorem 2. Let 0 < p < +∞, ω ∈ Ω, βω ∈ [0, 1). The following assertions are
equivalent:















, k = 1, 2, . . . .
We present a factorization theorem for the important special case
Spω,a = S
p
ω ∩H(D), ω(t) = tα, α > −1 .
In this case we will denote Spω,a as S
p
α,a.
Theorem 3. Let α > −1, β > α+1p . The following assertions are equivalent:
1. f ∈ Spα,a;









 , z ∈ D,






ψ ∈ Bs1,p, s = β − α+1p , λ ∈ Z, cλ ∈ C.
In 2000 in the work of F.A. Shamoyan and E.N. Shubabko [44] a complete
investigation of some new classes of meromorphic functions in the unit disk was
provided. Namely they introduced and studied the following spaces of meromorphic
functions with a fixed “weighted” growth of the Nevanlinna characteristic:
S∞ω (α)(D) :=
{




, α > 0,
where Cf > 0 is a positive constant, whose values depends only on f , r ∈ [0, 1),
T (r, f) is the Nevanlinna characteristics of function f .
In case of ω(t) = 1, the corresponding class of function we denote by
S∞α (D) :=
{
f ∈M(D) : T (r, f) ≤ Cf
(1− r)α
}
, α > 0,
Analytic parts of these classes we denote by S∞ω,a(α) and S
∞
α,a respectively.
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The S∞α classes appeared in start of XX century in classical works of Nevanlinna
(see [23]). He tried to extend some earlier results of J. Hadamard and E. Borel
(see [14]) to the case of all meromorphic functions in a disk. In particular, R. Nevan-
linna found that if {ak}, {bk} are the set of zeros and poles of a certain function
from the class S∞α , then
+∞∑
k=1
(1− |ak|)α+2+ε < +∞,
+∞∑
k=1
(1− |bk|)α+2+ε < +∞,
for each ε > 0. But he fails to provide a complete description of root sets of
functions from above spaces. Attempts to obtain a complete description of these
sets have also been made by Japanese mathematician M. Tsuji (see [56], [57]).
This problem was finally solved by F.A. Shamoyan and E.N. Shubabko (see [44]
and also [46]). Namely the following result was provided:
Theorem 4. In order to a = {ak}∞1 , b = {bk}∞1 ⊂ D are the set of zero and poles
certain function f ∈ S∞α , it is necessary and sufficient, that








0 < r < 1, c1, c2 > 0.
This result acted as cornerstone for further investigations of F.A. Shamoyan
and his pupils and in particular it immediately provides factorization of S∞α class.
In the following theorem we give a complete characterization of zero sets in
more general case.
Theorem 5. (see [46]) Let ω ∈ Ω, α > αω. The following statements are valid:
1. If f ∈ S∞ω,a(α), then
n(r, f) ≤ cf
ω(1− r)
(1− r)α+1
, 0 < r < 1. (7)
2. If {zk} is an arbitrary sequence from D, satisfying the condition (7) and
β > α + βω − 1, then the πβ product converges uniformly in D and belongs
to S∞ω,a(α) class.
Remark 1. In our theorems we always assume that f is nontrivial function from
considering class, that is f 6≡ 0, f 6≡ ∞.
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In recent work of first author and H. Li the following general classes of analytic
functions of the Nevanlinna type were investigated (see [48])
(NA)p,β,α(D) :=
{




































for all 0 < p <∞, α > −1, β ≥ 0, β1 > −1.
The following statements are valid.
Theorem 6. Let 0 < p < ∞, α > −1, β ≥ 0. The following assertions are
equivalent:







Theorem 7. Let 0 < p < ∞, α > −1, β ≥ 0. The following assertions are
equivalent:
1. ∃f ∈ N∞,pα,β : {zk} = Zf ,




, 0 < r < 1.
Theorem 8. Let 0 < p < ∞, α > −1, β1 > −1. The following assertions are
equivalent:







These results on zero sets also lead to complete parametric representations of
these general area Nevanlinna type classes (see [48]).
Remark 2. Putting formally β = 0 or α = −1 or β1 = −1 in classes (NA)p,β,α,
N∞,pα,β , Nα,β1,p, we arrive at other classes under discussion in this paper.
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Similar results for spaces with more general weights studied in [50], [51].
In recent works of our colleagues (see [34], [39], [42]) the root sets of the Privaloff
type spaces were provided (see also [29]):
Πp(D) =







 , 0 < p ≤ +∞.
First we note that from Holder’s inequality it is immediately follows the em-
bedding Πp ⊆ N for 1 ≤ p < +∞, and hence it is clear that for zero set of any
function f from Πp the classical Blaschke condition holds. Converse is also true:
each sequence {zk}∞1 ⊂ D with Blaschke condition is zero set of certain function
from Πp (1 ≤ p < +∞) class. As such function we can surely take a Blaschke
product. But for 0 < p < 1 the classical Blaschke condition is not necessary
anymore.
In work [42] the following interesting result has found.





p+ε < +∞, (8)
for any ε > 0.
Conversely, there exist a function f ∈ Πp and a sequence {zk}∞1 , zk ∈ D,













for any ε > 0.
Later in paper [34] it was shown that even stronger result is valid in this direc-








This surely makes much narrower the obvious gap between two assertions, which
can be seen in Theorem 9. Namely the following result is valid, as was stated
in [33].













for any ε > 0.
And moreover, if f ∈ Πp (0 < p < 1), f(zk) = 0, k = 1, 2, . . . , f(0) = 1, then
+∞∑
k=1
ω(1− |zk|)(1− |zk|)2 < +∞,
56 Romi Shamoyan, Seraphim Maksakov











where Ω is a set of all measurable functions on (0, 1] with condition (1).
F.A. Shamoyan later proved the following assertions on zeros of the Privaloff
type spaces, noting that root sets are in the Stolz angle. We remind the reader
that the angle with vertex eiθ, contained in D, having opening πδ, 0 < δ < 1, and
bisector reiθ, 0 ≤ r < 1, is said to be the Stolz angle Γδ(θ).




Conversely, if all points of a sequence {zk}+∞1 are in finite numbers of Stolz angles,
then from the following condition
1∫
0
np(r) dr < +∞,
it follows that it can be constructed function f ∈ Πp, 0 < p < 1, whose zeros
coincide with the points of given sequence {zk}+∞1 .
3 Zero sets of analytic area Nevanlinna type classes in the half
plane and related domains
In this section among other things we present some recent interesting results on
complete characterizations of zero sets of Nevanlinna type analytic spaces in upper
half plane and in other general domains on the complex plane.
Classes of functions with bounded characteristic in the half plane were inves-
tigated in Kriloff’s work (see [19]), some analogues of the Nevanlinna-Djrbashian
classes in upper half plane were studied in interesting papers of A. Djrbashian and
his coauthors later (see [13]).
In recent work of our colleague I.S. Kursina (Kipen) some analogues of Spω
classes in upper half plane also studied (see [20]).
Let C+ be an upper half plane of complex plane C. We consider the following
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In next theorem the full description of zero sets of Spω(C
+) class is received.
To formulate this result we consider the infinite product B̃α(z, zk), introduced by










(t+ i(zk − z))α+1
}
, z ∈ C+, α > −1. (10)




We also denote ñ(y) = card{zk : =zk > y}, {zk}∞1 ∈ C+.
Theorem 12. (see [20]) Let ω ∈ Ω, βω ∈ (0, 1), f ∈ Spω(C+) (0 < p < +∞) and
assume there exists a finite limit
af = lim
t→+∞
t ln |f(it)|, (11)
and assume 0 ≤ af < +∞.















2. If {zk} is an arbitrary sequence in C+, satisfying condition (12), α > αω+1p ,
then the product B̃α(z, zk) converges uniformly in C+ and belongs to Spω(C
+)
class, 0 < p < +∞.
We introduce also the following class of functions in upper half plane:
Aα(C
+) :=
f ∈ H(C+) :
+∞∫
−∞
ln+ |f(x+ iy)|dx ≤ cf
yα
 , α > 0.
The complete description of zeros of this class was obtained by I. Kursina in [20].
We formulate her result.
Theorem 13. The following assertions are valid.
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2. If {zk} is an arbitrary sequence in C+, satisfying condition (13), then the
product B̃β(z, zk) converges uniformly in C+ and uniformly on compact sub-
sets of D and belongs to Aα class for all β > α.
In [49] for all values of parameters 0 < p < ∞, α > −1 we introduced the


































where β > 0. These are the Banach spaces for all p ≥ 1, α > −1 and complete
metric spaces for all 0 < p < 1.
The following statements are valid.












Conversely, if (14) is valid, then B̃γ(z, zk) ∈ (Npβ )1 for all γ >
β+1
p .
Theorem 15. Let 0 < p < ∞, α > −1, β > 0. The following assertions are
equivalent:
1. ∃f ∈ (Npα,β)2 : {zk} = Zf ,
2. ñ(y) ≤ C3
yα+β+p+1
.
Natural analogues of Spω meromorphic classes in the finite plane were introduced
and studied in a work of E.N. Shubabko (she found factorization and described
zero sets). Also in that work of E.N. Shubabko (see [46]) some new classes of




T (r, f) exp(−σrα)rβ dr < +∞, (α > 0, σ > 0, β ∈ R).
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The necessary condition on zeros of function of these classes are
+∞∫
1
n(r, f) exp(−σrα)rβ−α dr < +∞. (15)
She also obtained the following result: if (15) converges, then we can construct a
function g, such that
+∞∫
1
T (r, g) exp(−σ0rα)rβ0 dr < +∞.
where α > 0, σ0 > σα exp (α− 1), β0 < β − 2α.
In recent work of E.N. Shubabko this result was specified in the following di-
rection: Let α ≥ 1. For each sequence {zk}∞k=1 (|zk| > 0, |zk| ↑ +∞), satisfying
the condition (15), there exists a function f ∈ H(C), such that Zf = {zk} and
+∞∫
1
T (r, g) exp(−σrα)rβ0 dr < +∞,
β0 < β − 3α.
Thus, the following statement is valid.
Theorem 16. (see [46]) Let α ≥ 1, σ > 0. The following assertions are equivalent:




T (r, g) exp(−σrα)rβ0 dr < +∞ for certain β ∈ R.
In I. Kursina’s thesis some new classes of analytic function in a circular ring
were introduced and complete description of zero sets of those classes were given.
Based on that she obtained complete characterization of even more general classes
in general domains. Then also complete factorization theorems were also provided
by her (see [20]). To present her results we need some definitions.
For 0 < R1 < R2 < +∞ we denote by
K = K(R1, R2) = {z ∈ C : R1 < |z| < R2}
the circular ring in the complex plane. For any f ∈ H(K) we define the Nevanlinna
characteristic as follows





ln+ |f(reiϕ)|dϕ, R1 < r < R2.
For all 0 < p < +∞ we consider the class
Spω1,ω2(K) :=
{
f ∈ H(K) :
R2∫
R1
ω1(r −R1)ω2(R2 − r)T p(r, f) dr < +∞
}
,
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where ωj ∈ Ω, Ω = Ω(K), ωj ∈ L1(0, C), j = 1, 2, C ≥ R2 −R1.
We have the following theorem:
Theorem 17. (see [20]) Let 0 < p < +∞, ωj ∈ Ω, βωj ∈ (0, 1), βωj >
αωj+1
p ,
j = 1, 2. The following assertions are equivalent:
1. {zk} = Zf ∩K(R1, r0), {wk} = Zf ∩K(r0, R2) for certain f ∈ Spω1,ω2 ;



































k = 1, 2, . . . .
In paper [47] the second author extends the results of work [48] to the case of
circular ring. We must to say that the theory of analytic function spaces in circular
rings was developed in [58]. Note that similar problems were considered in [18], [22]
for other analytic area Nevanlinna type spaces in circular rings. However, the
classes, introduced by I.S Kursina and by second author in circular rings are larger
and we can consider their theorems as direct extension of previously known results.







ω(dist (z, ∂G)) ln+ |f(z)|dm2(z) < +∞
}
,
where dist (z, ∂G) is a distance from the point z to the boundary of G, dm2 is the
planar Lebesgue measure in G.
In the same work of I.S. Kursina a complete description of zero sets of these
classes of analytic function were provided. The following result is valid.
Theorem 18. Let G be a simply connected domain, ψ be the function, that provide
the conformal mapping from G onto D, such that
|ψ′(z)| ≤ C4, ω ∈ Ω, βω ∈ (0, 1) .
The following assertions are equivalent:
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ω(dist (zk, ∂G))(dist (zk, ∂G))
2 < +∞. (17)
It is worth to mention that an effective approach to the construction of the
factorization of functions of Nevanlinna type in multiply connected domains was
proposed in 1974 by Matevosyan in [21].
O. Prichodko in [28] studied root sets of some new Nevanlinna type classes in
simply connected domain G with nonsmooth boundary whose boundary consists
of several smooth arcs forming in the junction points the non-zero angles of πβj ,
j = 1, 2, . . . , n. Regions, having such break at a boundary point, will be called
angular domains.
We remind the reader that Sα class is called the plane Nevanlinna class in D.
It is naturally arises the question, how the geometric properties of the boundary





f ∈ H(G~β) :
∫
G~β
(dist (z, ∂G))α ln+ |f(z)|dm2(z) < +∞,
}
, α > −1,
where dist(z, ∂G~β) is a distance from the point z to the boundary of G~β , dm2(z)
is the planar Lebesgue measure in G = G~β .
The following statement is valid.
Theorem 19. If f ∈ Sα(G~β),
1
2 < β ≤ 1 and {zk}
+∞






β < +∞, (18)
where ψ is a function, that provide the conformal mapping from G~β onto D.
Conversely, if {zk}+∞k=1 is an arbitrary points from G~β , for which (18) is valid, then
it can be constructed a function f ∈ Sα(G~β), such that {zk}
+∞
k=1 = Zf .
4 On parametric representations of area Nevanlinna type classes
in the unit disk and other domains
The results on zero sets of classes of analytic functions in the unit disk and various
simply connected domains of the complex plane allow to construct factorization and
parametric representation of the corresponding classes of functions. This section
provides some vital direct applications of the main results of previous sections.
Some important theorems on factorization presented in the previous sections
(see Theorem 1 and 3).
Now we present a factorization of S∞α,a = S
∞
α ∩H(D) class:
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Theorem 20. (see [45]). The S∞α,a class coincides with the class of analytic func-









 , z ∈ D,α > 0, (19)
for all β > α − 1, where πβ(z, ak) is the Djrbashian infinite product with zeros in
the points of the sequence {ak}+∞k=1, ψ(eiθ) is a certain function from O. Besov’s
class Bβ−α+11,∞ , λ ∈ Z+, cλ ∈ C, the sequence {ak}
+∞
k=1 satisfies the condition (6).
Remark 3. Note that factorization of the classes Spω and S
∞
ω can also be con-
structed via Bβ infinite products (see [45]), introduced by M. Djrbashian in his
fundamental work [11] (see Chapter 9):







exp {−wβ (z, zk)} ,
where
wβ (z, ζ) =
+∞∑
k=1
Γ (β + k + 2)
















for all z, ζ ∈ D.
The Bβ products are absolutely and uniformly convergent and uniformly on
compact subsets of D if and only if the series
+∞∑
k=1
(1−|zk|)β+2 is convergent. More-
over, Bβ and πβ products have significant differences. It was first mentioned by
M. Djrbashian and then by F.A. Shamoyan (see e.g. [36]). We introduce now the
result of E. Shubabko and F.A. Shamoyan (see [45], also [46]):
Theorem 21. Let α > 0, α < β < α+ 5. The S∞α class coincides with the class of
analytic functions in D, allowing the following representation:













where the sequence {zk}+∞k=1 ⊂ D satisfies the condition (6), ψ(eiθ) is a certain







(r − t)β−1 ln |f(teiϕ)|dt,
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In the paper [20] it was constructed a factorization of Spω(C
+) and Aα(C+)
classes. We present these results:
Theorem 22. Let ω ∈ Ω, βω ∈ (0, 1), f ∈ Spω(C+)(0 < p < +∞) and there exists
a finite limit (11), and 0 ≤ af < +∞.
The class of functions Spω(C
+) coincides with the class of functions f ∈ H(C+),
allowing the following representation
f(z) = B̃α(z, zk) exp(h(z)), z ∈ C+,
where {zk} is an arbitrary sequence from C+, satisfying the condition (12), B̃α(z, zk)
is infinite product of the form (10) with zeros in the points of the sequence {zk},









Theorem 23. (see [20]) Let α > 0, β > α, f ∈ Aα and there exists a finite
limit (11), and 0 ≤ af < +∞.
The class of functions Aα coincides with the class of functions f ∈ H(C+),
allowing the following representation
f(z) = B̃β(z, zk) exp(h(z)), z ∈ C+,
where {zk} is an arbitrary sequence from C+, satisfying the condition (13), h is
analytic function in C+, such as
+∞∫
−∞
|h(x+ iy)|dx ≤ c5
yα
.
Also I. Kursina obtained a factorization of Sω1,ω2(K) and Sω(G) classes.
Theorem 24. Let 0 < p < +∞, ωj ∈ Ω, βωj ∈ (0, 1), βωj >
αωj+1
p , j = 1, 2.





















































the sequences {zk}, {wk} satisfy the conditions (16).
Theorem 25. (see [20]) Let ω ∈ Ω, βω ∈ (0, 1), m ≥ αω. Class Sω(G) coincides
with the class of analytic functions allowing the following representation:
f(z) = cλz
λπm(zk, z) exp(h(z)), z ∈ G, f ∈ H(G),



















where m ∈ Z+, m ≥ 0 and function h ∈ H(G) satisfies the condition∫∫
G
ω(dist (z, ∂G))|h(z)|dm2(z) < +∞.
In the recent work of E.N. Shubabko [46] the factorization for weighted class of
entire functions S(α, σ) was introduced.
Theorem 26. Let α ≥ 1, σ > 0, S(α, σ) class coincides with the class of entire
functions allowing the following representation:
f(z) = znW (zk, z) exp(h(z)), z ∈ C,
where {zk} satisfies the condition (15) for a certain β ∈ R, W (z, zk) is the infinite
product of the Weierstrass type















)j , z ∈ C,
constructed on zeros of function f , pk = [max{γ|zk|α + δ, 1}], γ = ασ, δ ∈ R (for
α = 1, δ ≥ 1− β), h(z) is entire function, satisfying the condition
Mh(r) = max
|z|≤r
|h(z)| ≤ chrµ expσrα
for certain µ ∈ R, n is multiplicity of zero of function f in origin.
5 On classes with the restrictions on the alpha-characteristic
function of M. Djrbashian
In 1964 M. Djrbashian posed the problem to generalize the theory of R. Nevanlinna.
In his important work [10] he introduced a new characteristic function Tα(r, f). The
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following M. Djrbashian, we call it α-characteristic. We introduce that definition:
let f ∈M(D), α > −1


































(r − t)α+1 · n(t)− n(0)
t
dt.
In the same vital paper M. Djrbashian introduced a class of meromorphic func-
tions in D with bounded α-characteristic, described zero sets and obtained a para-




f ∈M(D) : sup
0<r<1
Tα(r, f) < +∞
}
.
These results were fundamental for the construction of a new theory of classes of
meromorphic functions (see [12]). Note that Sα ⊂ Nα, and this inclusion is strict
(see [10], [33], [38]).






(1− r)γT pα(r, f) dr < +∞
}
for all < p < +∞, α > −1, γ > −1.
It is necessary to get the characterization of the root sets and to construct the
factorization of the class Npα,γ . Further we will assume that N
p
α,γ class consists
only of analytic functions in D.
In the work [32] this problem was finally solved. The following results are valid:
Theorem 27. The sequence {zk}+∞k=1 fromD be zero set of certain function f ∈ Npα,γ
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Theorem 28. Let 0 < p < +∞, α > −1, γ > −1, β > α+ 1 + γ+1p . The following
assertions are equivalent
1. f ∈ Npα,γ ;











, z ∈ D, (23)
where {zk}+∞k=1 is an arbitrary sequence from D, satisfying the condition (22),
πβ(z, zk) is the Djrbashian infinite product with zeros {zk}+∞k=1, ψ ∈ Bs1,p,
s = β − (α+ 1)− γ+1p , λ ∈ Z, cλ ∈ C.
Recent results of F.A. Shamoyan and his pupils continues investigations in
this direction. They are devoted to comparison of classes with restrictions on
the Nevanlinna characteristic and classes with restrictions on the α-characteristic
of M.M. Djrbashian (see [2], [41]).





ω1(1− x) ln |f(rxeiθ)|dx
)+
dθ
by Tω1(r, f). For ω1(t) = t
α, α > −1, the Tω1 characteristic coincides with
α-characteristic.
Consider the following classes of functions:
Npω1, ω2(D) :=
{
f ∈ H(D) :
1∫
0






f ∈ H(D) :
1∫
0
ω2(1− r)ω1(1− r)p(1− r)pT p(r, f) dr < +∞
}
,
where ω1, ω2 ∈ Ω, 0 < p < +∞.
In [41] the full description of zero sets and factorization of the above classes
Npω1, ω2 found for all ω1, ω2 ∈ Ω, 0 < p < +∞.
The following result is valid.
Theorem 29. Let ω1, ω2 ∈ Ω. The sequence {zk}∞1 from D be zero set of certain
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The next result was also established.
Theorem 30. For all ω1, ω2 ∈ Ω, 0 < p < +∞, the following inclusion is valid
Spω1, ω2 ⊂ N
p
ω1, ω2 .
We denote byNpα, β and S
p
α, β the classesN
p
ω1, ω2 and S
p
ω1, ω2 respectively for ω1(t) = t
α,
ω2(t) = t
β , α, β > −1.
From above statements the next statement follows:




6 Some results on classes of subharmonic functions
In this section we consider general weighted spaces of subharmonic functions of
Bergman type and solve some similar type problems for such type spaces. In
particular the problem of parametric representation will be completely solved. for
such type classes.
In the recent works of O. Ohlupina new classes of subharmonic functions in the
disk and halfplane of type Spα, S
∞
α were investigated (see [24], [26]), i.e. a complete
descriptions of zero sets and parametric representations of those classes of functions
were found.
To formulate further results we need some more notations. Let u ∈ SH(D),
u+ = max (u, 0). The Nevanlinna characteristic of subharmonic function u we call
the function










The following I.I. Privaloff, we denote by A the class of all functions u, subharmonic
in D, such that
sup
0<r<1
T (r, u) < +∞. (24)
The following statement was established in the work [31]:













1− 2r cos (θ − ϕ) + r2
dψ(θ), (25)
where µ(ζ) is an arbitrary nonnegative Borel measure in the unit disk, such that∫
D
(1− |ζ|) dµ(ζ) < +∞,
ψ is an arbitrary function with bounded variation on [−π;π].
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If u (z) = ln |f (z)|, z ∈ D, where f ∈ H(D), then the representation (25) coin-
cides with the Poison-Jensen formula for the function of bounded type (see [16]).
The problem of representation of subharmonic functions, for which the condi-
tion (24) is not valid, occurs naturally. The expansion of the F.A. Shamoyan’s
results to the class of subharmonic function is given by K. Avetisyan in [1] in the
case p = 1. However, his methods did not allow him to obtain similar results in
the classes of subharmonic functions in the unit disk whose characteristic belongs
to Lp-weight classes or has exponential growth approaching the unit circle.
Let α > 0. Consider SHα (D) class of subharmonic functions u in D, such that
T (r, u) ≤ Cu
(1− r)α
, 0 ≤ r < 1 ,
where Cu is a certain positive constant, depending on u.
It is clear that SH0(D) = A . For α > 0 the I.I. Privaloff’s method for SH0 (D),
is failed, since it is possible that functions from SHα (D) class have no the boundary
values on the unit circle. It is needed to build a new method for further study.
The approach used in [37] helps O.V. Ohlupina to prove the analogue of above
representation for SH0 (D) class for all scale of classes SHα (D) (α > 0).






















where dm2(t) denotes the normalized Lebesgue measure in the unit disk on the
complex plane.
The following statement is valid.
Theorem 32. (see [26]) SHα (D) class coincides with the class of u functions, sub-













where z ∈ D, ψ(eiθ) is an arbitrary real value function from the class B1,∞β−α+1, β >
α, α > −1, µ(ζ) is the nonnegative Borel measure in D, satisfying the condition:
n (r) ≤ C1
(1−r)α+1 , where n(r) = µ(Dr).
In [24] a full description of the class of subharmonic functions in the unit disk
with the Nevanlinna characteristic from Lp-spaces (0 < p < +∞) was given.
For all 0 < p < +∞, ω ∈ Ω we consider the following classes:
SHpω(D) =
{




























∣∣ψ(reiϕ)∣∣ dϕ)p dr) 1p< +∞}.
In the following theorem parametric representation of new classes of subharmonic
functions, having, generally speaking, unlimited Nevanlinna characteristic T (r, u),
but belonging to the space Lp,ω(D), namely
1∫
0
T p(r, u)ω(1− r) dr < +∞,
will be given.
Theorem 33. A subharmonic function belongs to the class SHpω(D), 0 < p < +∞,




ln |Aβ(z, ζ)|dµ(ζ) + h(z), (26)
where β is sufficiently large number, depending on ω: β > 1 + αωp , 0 ≤ αω < +∞,
µ(ζ) is the nonnegative Borel measure in D, such that:
1∫
0
ω(1− r)(1− r)pnp(r) dr < +∞ ,






∣∣h(reiϕ)∣∣ dϕ)p dr < +∞.
And the reverse is also true: if f ∈ SHpω(D), then (26) holds.
Consider the class SHpα(C
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We introduce the factor of A.M. Djrbashian and G. Mikaelyan (see [13]):






(r + iζ − iz)β+1
}
, z ∈ C,
where a principal branch of power function is taken, ζ ∈ C+, −1 < β < +∞. For
β = 0: a0(z, ζ) =
ζ−z
ζ−z .
Parametric representation of SHpα (C
+) class of function will be given in next
theorem.
Theorem 34. (see [25]) A subharmonic function belongs to the class SHpα (C
+),




ln |aβ(z, ζ)|dµ(ζ) + h(z), (27)









µ(ζ) is the nonnegative Borel measure in C+, such that
+∞∫
0
yα+p−1np(y) dy < +∞,
where n(y) = µ(C+y ), C
+
y = {z : Im z > y} ,β > α−1p + 1. And the reverse is also
true: if f ∈ SHpα(C+), then (27) holds.
7 Some final remarks for the problem of the description of zero
sets and construction of factorization representation of Nevan-
linna type classes
In this section among other things we consider some other nice but less effective in-
finite products similar to Djrbashian type products and also known general scheme
for finding simple conditions on zeros in simplest Nevanlinna type spaces in the
unit disk with the help of Djrbashian product and Jensen formula will be provided.
This scheme based on an estimate of Djrbashian product provided for the first time
by F. Shamoyan back in 1978 served later as a base for many other proofs of similar
type theorems in this direction, it is very flexible and allows various extentions and
further generalizations for other analytic function spaces of Nevanlinna type. This
type of work was presented by various authors later as it was partially indicated in
previous sections of this survey. Other interesting new approaches to this problem
of zero sets for this type of function spaces will be also discussed in this section.
Area Nevanlinna type classes of analytic functions 71
E. Beller and S. Shvedenko constructed and used products of similar Djrbashian
type products for factorization of analytic area Nevanlinna classes. They are sim-










, β > α.




ln+ |Pβ (z, zk)| (1− |z|)α dm2(z) <∞.
Moreover, f (z) = zm · Pβ(z, zk) · f0(z), β > 0 for any f ∈ N , and Pβ(z, zk) is
a product, based on zeros of f , f0 is free of zeros in D (see [54]).
This type of factorization is valid for all Sα also, for β > α, α > −1 (see ibid.).
These products, as later was found, are defective in the sense that for values
α > 4 they have more zeros, than the given sequence, and hence cannot be used in
many problems where πα products can be used.
Note, Pβ ∈ Sα if β > α; πm ∈ Sα if m > α. Pβ type products were used by
E. Beller also for factorization of some similar to Sα classes of analytic functions.
Note, in proving sharp theorems on zero of analytic Nevanlinna type spaces in
the unit disk πα products were constantly used in the following simple manner.
Shortly speaking, the problem is to find condition (K) on a sequence {zk} from
unit disk, so that ‖πα‖X ≤ c ‖(zk)‖K , where X is the certain fixed Nevanlinna type
space, for all α > α0 in a certain fixed analytic area Nevanlinna type space in the
unit disk.
The most important property here is that πα has zeros precisely in the points
of the sequence {zk} and that if
∞∑
k=1
(1− |zk|)2+α <∞, α > −1, (28)
then





, z ∈ D, (29)
as established in [37] (see also [40], [46]).
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(see [38], also [40], [46]).
If we replace the norm of Sα by other norm with more complicated form (see for
definitions of spaces above), then using a chain of classical estimates and inequalities
of function theory, we arrive at desired final result. This scheme was used in [48],
[46], [49], [51]. Condition (28) however should be changed to the other one.
At the final step we must show that the infinite product πβ (z, zk) under this
new condition on {zk}∞k=1 converges uniformly in D. The scheme of prove of the
reverse assertion is based fully on classical Jensen formula in the unit disk, prop-
erties of counting n (r) function and in many cases can be obtained immediately
after applications of several inequalities from classical function theory. We gave an
typical example here for analytic area Nevanlinna spaces with mixed norm, which
illustrates the idea.


















































































then Mω (f) <∞.
Similar arguments lead to similar assertions.
Approximately at the same time after the appearance of [37], G. Heipler and
E. Beller provided closely related results in this direction of research (see [3], [4],
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[17]). We mention also separately [27], where new promising approaches were pro-
vided to this classical problem, related with the description of zero sets of analytic
Nevanlinna classes in the unit disk. Unfortunately, these approaches were out of
consideration of experts in this area since then. We add more comments. In [27]
authors give complete characterization of positive Borel measures of smooth Ω
domains in Rn, so that ∆u = µ for u ∈ Lp(Ω), 1 ≤ p <∞.
In n = 2 case this problem is closely related with the problem of the zeros






the equation ∆u = µ take form u = ln |f | with f ∈ H (|z| < 1), vanishing exactly
on the points an0 . This gives complete characterizations of zeros of area Nevanlinna
classes for all p ≥ 1, ln |f | ∈ Lp(Ω) (see ibid.).
We refer the reader to [27] for details concerning this new interesting approach
related with the Laplace equation.




is subharmonic function, for f ∈ H(D), and p ≥ 1.
This fact in combination with some embedding theorems for analytic Lizorkin-
-Triebel spaces with mixed norm spaces leads to some new embedding for general
classes of functions of the following type
LF p,qα (D) =
{







∣∣f(reiϕ)∣∣)q (1− r)α dr) pq dϕ <∞},
LAp,qα (D) =
{







∣∣f(reiϕ)∣∣)q dϕ) pq (1− r)α dr <∞},
where 1 ≤ p, q < ∞, α > −1. These are Banach spaces of functions. The em-





and LAp1,q1α1 ) for various indices p, q, p1, q1, α, α1 recently in [51].
Note also, that using these new embedding and known results for zero sets we
get directly various assertion for LF p,qα and LA
p,q
α spaces for p 6= q. This type of
approach was developed in paper [51].
We refer the reader to [51] for introduction and new results on zeros of area
Nevanlinna type spaces of analytic functions with mixed norm in the unit disk.
Weights, considered in this paper, are of special type. Studying of such type
problems for some other weighted analytic area Nevanlinna type spaces is a new
and interesting direction of investigations.
Finnaly we mention some recent interesting results of I. Chyzhikov on this topic
(see [5], [8], [6], [7] and various references there).
We refer the reader for the second part of this review concerning new interesting
results in analytic area Nevanlinna type spaces of several variables and related
problems to [52].
References
[1] K. Avetisyan: On representation of some classes of subharmonic functions in the unit
disk and in the half plane. Izv. Nats. Acad. Armenii, Matematika. 29 (1) (1994) 1–13.
(In Russian)
74 Romi Shamoyan, Seraphim Maksakov
[2] V.A. Bednazh, O.V. Karbanovich, F.A. Shamoyan: On some weighted spaces of
meromorphic functions with restrictions of the Nevanlinna characteristic. Modern
problems of complex and harmonic analysis: Abstracts of conference, Bryansk St. Univ.
(2014) p. 56. (In Russian)
[3] E. Beller: Zeros of Ap functions and related classes of analytic functions. Israel Jour.
Math. 22 (1975) 68–80. 1
[4] E. Beller: Factorization for non-Nevanlinna classes of analytic functions. Israel Jour.
Math. 27 (3–4) (1977) 320–330.
[5] I.E. Chyzhykov: Growth of analytic functions in the unit disc and complete measure in
the sense of Grishin. Mat. Stud. 29 (1) (2008) 35–44.
[6] I.E. Chyzhykov: Zero distribution and factorization of analytic functions of slow growth
in the unit disc. Proc. Amer. Math. Soc. 141 (2013) 1297–1311.
[7] I.E. Chyzhykov: Growth of p-th means of analytic and subharmonic function in the unit
disk and angular distribution of zeros. arXiv:1509.02141 (2015) 1–19.
[8] I.E. Chyzhykov, S. Skaski: Growth, zero distribution and factorization of analytic
functions of moderate growth in the unit disc, Blashke products and their applications.
Fields Inst. Comm. 65 (2013) 159–173.
[9] M.M. Djrbashian: On a problem of representation of analytic functions. Soobsch. Inst.
Mat. i Meh. AN Arm. SSR 2 (1948) 3–40. (In Russian)
[10] M.M. Djrbashian: On parametric representation of some classes of meromorphic
functions in the unit disk. Dokl. AN SSSR. 157 (1964) 1024–1027. (in Russian)
[11] M.M. Djrbashian: Integral transforms and representation in complex plane. Nauka,
GITTL. Moscow (1966). (In Russian)
[12] M.M. Djrbashian: The factorization theory of functions, meromorphic in the unit disk.
Mat. Sb. 79 (121) (1969) 517–615. (In Russian)
[13] A.M. Djrbashian, G.V. Mikaelyan: On boundary properties of Blaschke type products.
Izv. Nats. AN Armenii, Matematika 26 (1991) 435–442. (In Russian)
[14] A.A. Goldberg, I.V. Ostrovskii: On distribution of values of meromorphic functions.
Nauka. Moscow (1970). (In Russian)
[15] G. Hardy, J. Littlwood, G. Polia: Inequalities. GITTL, Moscow (1948). (In Russian)
[16] W. Hayman: Meromorphic functions. Mir, Moscow (1966). (In Russian)
[17] A. Heipler: The zeros of functions in Nevanlinna’s area class. Israel Jour. Math. 34 (1–2)
(1979) 1–11.
[18] S.Ya. Kasyaniuk: On functions from A and H class in case of circular rings. Mat. Sb. 42
(84) (1957) 301–326. (In Russian)
[19] V.I. Krylov: On functions regular in half plane. Mat. Sb. 6 (48) (1939) 95–138.
(In Russian)
[20] I.S. Kursina: Factorization and parametric representation of weighted classes of analytic
functions: the thesis abstract. Voronezh State Univ., Voronezh 4 (2000) 43–54.
(In Russian)
[21] G.U. Matevosyan: On an factorization of functions meromorphic in multiconnected
domains and applications. Izv. AN Armenii, Matematika 9 (1974) 387–408. (In Russian)
[22] G.U. Matevosyan: An analogue of N(w) class in case of circular rings. Izv. AN Armenii,
Matematika. 21 (2) (1977) 173–182. (In Russian)
Area Nevanlinna type classes of analytic functions 75
[23] R. Nevanlinna: Single-Valued Analytic Functions. Gostehizdat, Moscow (1941).
(In Russian)
[24] O.V. Ohlupina: Description of a class of subharmonic functions in the unit disk, whose
Nevanlinna’s characteristic is in wheigted Lp-spaces. Vestnik Samarskogo Univ. 9/1 (59)
(2008) 108–120. (In Russian)
[25] O.V. Ohlupina: Parametric representation of some classes of subharmonic functions in a
half plane with characteristic from weighted Lp-spaces. Vestnik Bryanskogo Univ.,
Bryansk State Univ. 4 (2010) 24–36. (In Russian)
[26] O.V. Ohlupina: Green type potentials and integral representation of wheigted classes of
subharmonic functions: the PhD thesis abstract. (In Russian) (2012)
[27] J. Ortega-Cerda, J. Bruna: On Lp-solutions of the Laplace equation and zeros of
holomorphic functions. Annali della Scuola Normale de Pisa 24 (1997) 571–591.
[28] O.V. Prihodko: On root sets of some area Nevanlinna type spaces in angular domains on
a complex plane. Vestnik Bryanskogo Univ. Bryansk State Univ., Bryansk 4 (2010)
36–40. (In Russian)
[29] I.I. Privalov: Boundary properties of single-valued analytic functions. Moscow St.
Univ., Moscow (1941). (In Russian)
[30] I.I. Privalov: Boundary properties of analytic functions. Gostekhizdat, Moscow and
Leningrad (1950). (In Russian)
[31] I.I. Privalov, P.I. Kuznetsov: Boundary properties and various classes of harmonic and
subharmonic functions, defined in arbitrary domains. Mat. Sbornik 6 (48) (1939)
345–376. (In Russian)
[32] E.G. Rodikova: Factorization and description of zero sets of a class of functions, analytic
in the unit disk. Sib. Elektron. Mat. Izv. 11 (2014) 52–63. (In Russian)
[33] E.G. Rodikova: Factorization, root sets and interpolation in weighted classes of analytic
functions. Dissertation, Bryansk, (2014) ,121 p. (In Russian) (2014)
[34] E.G. Rodikova: On zeros of analytic classes of Privalov. Abstracts of Saratov winter
school, Saratov 1 (39) (2012) 141–142. (In Russian)
[35] E. Seneta: Regularly varying functions. Nauka, Moscow (1985). (In Russian)
[36] F.A. Shamoyan: Description of closed ideals and some issues of factorization in algebras
of growing functions, analytic in the disk. Izv. Acad. nauk ArmSSR, Matematika 5
(1970) 450–472. (In Russian)
[37] F.A. Shamoyan: Djrbashian’s factorization theorem and characterization of zeros of
analytic functions in a disk with bounded growth rate. Izv. Acad. nauk ArmSSR,
Matematika 13 (1978) 405–422. (In Russian)
[38] F.A. Shamoyan: Some remarks to parametric representation of Nevanlinna-Djrbashian.
Mat. zametki. 52 (1992) 128–140. (In Russian)
[39] F.A. Shamoyan: Parametric representation and description of zero sets of weighted
classes of holomorphic functions in the disk. Sib. Math. Journ. 40 (1999) 1422–1440.
(In Russian)
[40] F.A. Shamoyan: Weighted spaces of analytic functions with mixed norm. Bryansk St.
Univ., Bryansk, Bryansk State University Publishing House (2014). (In Russian)
[41] F.A. Shamoyan, V.A. Bednazh, O.V. Karbanovich: On classes of analytic functions in a
disk with a characteristic R. Nevanlinny and α-characteristic of weighted Lp spaces. Sib.
Elektron. Mat. Izv. 12 (2015) 150–167. (In Russian)
76 Romi Shamoyan, Seraphim Maksakov
[42] F.A. Shamoyan, V.A. Bednazh, O.V. Prihodko: On zero sets of some weighted classes of
analytc functions in the disk. Vesthik Bryanskogo Universiteta, Bryansk 4 (2008) 85–92.
(In Russian)
[43] F.A. Shamoyan, E.G. Rodikova: On characterization of root sets of a weighted class of
analytic functions in a disk. Vladikavkaz Mat. Jour. 16 (3) (2014) 64–75. (In Russian)
[44] F.A. Shamoyan, E.N. Shubabko: Parametrical representations of some classes of
holomorfic functions in the disc. Complex Analysis, Operators, and Related Topics,
Oper. Theory Adv. Appl 113 (2000) 331–338. (In Russian)
[45] F.A. Shamoyan, E.N. Shubabko: On a class of holomorphic functions in a disk. Zapiski
Nauchnykh Seminarov POMI. 282 (2001) 244–255. (In Russian)
[46] F.A. Shamoyan, E.N. Shubabko: Introduction in the theory of Lp-classes of
meromorphic functions. Bryansk State University Publishing House (2009). (In Russian)
[47] R.F. Shamoyan: On new parametric representations of analytic area Nevanlinna type
classes in a circular ring K on a complex plane C. Jour. Sib. Fed. Univ. Math. Phys. 6
(1) (2013) 114–119.
[48] R.F. Shamoyan, H. Li: Descriptions of zero sets and parametric representations of
certain new analytic area Nevanlinna type spaces in the unit disk. Kragujevac Journal
of Mathematics 34 (2010) 73–89.
[49] R.F. Shamoyan, O.R. Mihic: On zeros of some analytic spaces of area Nevanlinna type
in halfplane. Trudy Petrozavodsk St. Univ., Matematika. (17) (2010) 67–72.
[50] R.F. Shamoyan, O.R. Mihic: On some new theorems on certain analytic and
meromorphic classes of Nevanlinna type on the complex plane. Kragujevac Math.
Journal 37 (1) (2013) 65–85.
[51] R.F. Shamoyan, O.R. Mihic: On zeros sets and embeddings of some new analytic
function spaces in the unit disk. Kragujevac Math. Journal 38 (2) (2014) 229–244.
[52] R. Shamoyan, A. Shipka: Integral operators, embedding theorems and Taylor
coefficients of area Nevanlinna type spaces of several variables and related problems.
Preprint. (2018)
[53] S.V. Shvedenko: Canonical products of Blashke type for spaces of area Nevanlinna type.
Mat. Zametki. 37 (2) (1985) 212–219. (In Russian)
[54] S.V. Shvedenko: The Hardy classes and related spaces of analytic functions in the unit
circle, in the ball and in the polydisk. Itogi nauki i tehniki, Mat. analiz. 23 (1985) 3–124.
[55] E. Stein: Singular integrals and differentiability properties of functions. Princeton Univ.
Press, New Jersey (1970).
[56] M. Tsuji: Canonical product for a meromorphic functions in a unit circle. Journ. Math.
Jap. 8 (1) (1956) 7–19.
[57] M. Tsuji: Potential Theory in modern function theory. Maruzen, Tokyo (1959).
[58] V. Zmorovich: On certain spaces of analytic functions in circular rings. Mat. Sbornik 32
(1953) 643–652. (In Russian)
Received: 21 December, 2016
Accepted for publication: 16 May, 2017
Communicated by: Olga Rossi
